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Abstract. Using a vortex sheet method we prove global existence of a near 
circular initial bubble in a Hele-Shaw cell with surface tension and generally 
finite nonzero viscosity ratio between fluids inside and outside the bubble. The 
circular shape is shown to be asymptotically stable for all sufficiently smooth 
small perturbation. The initial condition in this case, while smooth, need not 
be analytic. 

1. Introduction. 

The displacement of a more viscous fluid by a less viscous fluid in a Hele-Shaw 
cell has been a problem of considerable physical as well as mathematical interest. 
Over the years, many reviews have appeared from a range of perspectives (Saffman 
[24] : Bensimon et al. [7j; Homsy [I2]; Pelce [21]; Kessler et al. pj^; Tanveer ^ 
and [27]; Hohlov [11]; Howison [15] and [E]). An important issue is the stability 
of steadily propagating shapes such as a semi- infinite Saffman- Taylor finger [23] . 
or a finite translating bubble. Although there has been a lot of formal asymptotic 
[25] as well as numerical computations [19] . some issues of stability have not been 
completely resolved without controversy. 

Rigorous mathematical tools for investigation of global solutions and nonlinear 
stability problem are still quite limited. Thus far, global stability of near circular 
analytic shapes has been established by P. Constantin and M. Pugh [S] for one- 
phase Hele-Shaw bubble in the absence of pressure gradient or injection of less 
viscous fluid. 

The present paper generalizes these results for nonzero viscosity ratio between 
interior and exterior fluids for nonanalytic but sufficient smooth shapes. Unlike 9], 
where conformal mapping is used, this paper relies on a vortex sheet equal-arclength 
formulation, originally due to Hou, Lowengrub, and Shelley |13| . This is particularly 
advantageous for study of interface motion between fluids with nonzero viscosities. 
Ambrose [3] used this formulation to prove local existence of Hele-Shaw solution 
for general initial shapes [3] without surface tension; earlier Duchon and Robert 
[10] obtained local existence results with surface tension in a differing formulation 
for one-phase Hele-Shaw problem. 
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In this paper, Ambrose's approach has been extended suitably to obtain global 
existence and stability results for smooth but non-analytic near-circular initial 
shapes in two phase Hele-Shaw flow with surface tension. 

In the equal arc-length vortex sheet formulation, the boundary curve between 
the two fluids of differing viscosity is described parametrically at any time t by 
z = x(a,t) -I- iy{a,t). a is chosen so that z{a + 27r, i) = z{a,t). We define 6 so 
that a + 6 for the angle formed between the tangent to the curve and the horizontal 
(a;-axis), as the boundary is tranversed counter-clockwise with increasing a. Hon, 
Lowengrub and Shelley in [T3] observed that a choic43 of the tangent velocity T 
is possible so that Sa is independent of a, where s is the arc-length. They also 
observed that this choice simplifies the evolution equation for 6. 

It is convenient to introduce the map $ : ^ C by $(a, 6) = a -I- ib. Then the 
velocity W (see [13]) generated by a vortex sheet on the boundary of strength 7(a) 
is given by the Birkhoff-Rott integral which has the complex representation: 

(1.1) [$(W)]* = T^PV [ , ^}"'\ „ da'. 
^ ^ ^ ^ 2^1 Jo z{a)-z{a') 

The unit tangent and normal vectors to the curve clearly satisfy 

$(t) = $(11) = — ^. 

The normal velocity U{a, t) of the curve is given by 

(1.2) ;7(a,i)=W-n. 

The equations for the evolution of a Hele-Shaw interface in the infinite domain 
with surface tension accounted for are given by (see [13] ) 



(A.l) 



27r 2ti 
9t{a,t) = _[/„(a,t) + — T(a,i)(l-f 0„(a,t)), 

l'2-K 

Lt{t) = - {l + 0a{a,t))U{a,t)da, 



with 
(A.2) 



L 2tt 
7(a, t) = A^W ■ t + —a9aa, 

TT L 



Tia,t)^l {l + ea,{a',t))U{a',t)da' ~ ^ I (l + 6l„(a, i)) C/(a, t)da. 



27r 



where 



fJ.1 + /i2 

111 is the viscosity of the exterior fluid, fi2 is the viscosity of the interior fluid, and 
(7 is the coefficient of surface tension. The initial condition is given by 

(1.3) 6»(a,0) = 0Q{a), L(0) = 2tt. 



This choice or any other choice of tangential speed of points on the interface has no effect on 
the interface shape itself. 
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In order that Za = ^^xp [ia + i9], the specified 6*0 (a) must satisfy the the consis- 
tency condition 

(1.4) / exp [ia + z6'o(a)] da = 0. 

Definition 1.1. Let s > 0. The Sobolev space iJ*(T[0, 27r]) is the set of all 2tt- 
periodic function f ~ X^^oo /(fc)e*'"'" such that 



J2 |fcP1/>)P + |/(0)P<oo. 

\ A:— — OO 

Note 1.2. Forf,g e H" (T[0,27r]), the Banach Algebra property \\fg\\s < Cs\\f\\s\\g\\ 
for s > 1 for some constant Cg depending on s is easily proved and will be useful 
in the sequel. 

Definition 1.3. The Hilbert transform, H, of a function f E (T[0, 27r]) with 
Fourier Series f = X^^oo /(fc)e*'^" is given by 

^[/](«) = 1-PV j^J f{a')coi\{a-a')da' 
= E-zsgn(A:)/(fc)e''=". 

Note 1.4. The Hilbert transform commutes with differentiation. We will denote 
derivative with respect to a, either by D or subscript a. Also, for the sake of brevity 
of notation, the time t dependence will often be omitted, except where it might cause 
confusion otherwise. 

Definition 1.5. We define the operator K to be a derivative followed by the Hilbert 
transform: A = TLD . 

Note 1.6. In the Fourier representation, we have {Af)k — |fc|/(fc). This implies 
that 

{f^ + fKf)da)"^ 

is equivalent to _ff^/'^(T[0, 27r]) norm for a real-valued 2n-periodic function f . Fur- 

ther, if f{0) = 0, then it is easily seen that IJ^ /A/da] — ||/||i/2. Note that 
operator A is self-adjoint in iJ"'^/^ (T[0, 27r]) . 

Definition 1.7. Following Ambrose [3 , we define commutator 

[n,f]g = n{fg)^fn{g). 
We also define the linear integral operator JC[z], depending on z, as 



a~7T 



1 1 1 



z{a)~z{a') 2za{a') 2 



-cot -(a -a') 



da'. 



Remark. For 27r-periodic functions / and z, it is clear that the upper and lower 
limits of the integral above can be replaced by a and a+27r respectively for arbitrary 
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a. Further, in terms of operators 
form (see [T]): 



and JC, we may express W in the following 



(1.5) 



['i>(W)]* = i 



7 + 



7^7 + /C[z]7. 



□ 



Definition 1.8. We define a complex operator Q[z\, depending on z, so that 

1 



(1.6) 



n,— 



7 + 2izaK\z\^. 



It is also convenient to define a related real operator !F[z\, depending on z, so that 



(1.7) T[z]-i = Re 



Za{a) 



PV 



2tt 



7(a') 



z{a) — z{a') 



da 



Re ( -g[z]-i 



From the expressions for U and W • t, it follows that 



(1.8) 



U 



nH + -Re{g[z]^), 



L L 

W • t = -T[z]-f. 
L 



(1.9) 

Definition 1.9. We introduce the projection operator Qi so that 

[Qi/] (a) = /(a) - /(O) - /(l)e» - /(-l)e-^", 

where f = X^^oo f{k)e^^'^. In general, ". symbol will be reserved for Fourier compo- 
nents. Further, we will denote 9 = Qi9. 

Definition 1.10. We define H'^ as the subspace of H" {T[0,2tt]) containing real- 
valued functions so that <j) € implies Qi(j) = (j). Note \\4>\\s = ||^'*</^'||o for s > 1. 

The significantly new aspect of the present paper include a vortex sheet formula- 
tion equivalent to the evolution system (A.1)-(A.2) with initial condition (|1.3p that 
projects away the neutral linear modes so that exponentially decay of the remain- 
ing Fourier modes helps control small nonlinearity. The equivalent system involves 
the evolution of 9, 9{Q) and L, where ^(1) and 9{—l) are determined as complex 
functionals of 9. 

We analyze the evolution of 9 and L. We first form Galerkin approximation 
in a finite dimensional space for the two evolution equations. We then show that 
solutions to these approximate equations exist by using the Picard theorem for 
differential equations in Banach spaces. 



We then define energy E{t) 



2 II Q 



•,i)||j^ for r > 4. We estimate its growth 



and find that if ||Qi0o||^ is small enough, then there exists a positive constant A, 

to b 

dE 



which for concreteness is chosen to be f^, so that 



(1.10) 



dt 



< -AE. 



The estimate (|1.10p holds for Galerkin approximate equations and is independent 
of the truncation n. The exponential decay estimates on E{t) implied by this 
inequality help continue the solution of the Galerkin approximation to arbitrary 

time. Further estimates show that \ 9n > form a Cauchy sequence in H^, which 
is used to show that that 9n converges to a strong solution 9 of the original system. 
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which also decays exponentially. The functional relation determining 9(1) and 
0{—l) shows that 9 — d{Q) also decays exponentially in time, which implies that 
circular shapes are asymptotically stable. 

The main result in this paper is the following Theorem: 

Theorem 1.11. There exists e > such that for r > 4, if \\ Qi9o\\r < e, then there 
exists a global solution {9,L) e (T[0, 27r]) x R, which satisfies (A.1)-(A.2) with 
initial condition 11. 3\) . Further, \\9\\r, 9{1) and 9{~l) each decay exponentially as 
t — > oo, \9{0)\ remains finite, while L approaches 2^/ nS, S being the area of the 
bubble, which is invariant with time. Thus a near circular bubble is asymptotically 
stable for sufficiently small distortions in the i/^(T[0, 27r]) space. 

In §2, we introduce a modified evolution system (B.1)-(B.4) with initial condition 
p.6p . which is shown to be equivalent to (A.1)-(A.2) with initial condition (|1.3p . 
We formulate a Galerkin approximation ()2.13p and show how Theorem 11.111 follows 
from Theorem l2.13l Lemma [2. 141 and Proposition [2T6l 

In §3, we prove several preliminary Lemmas. In §4, we prove a priori estimates 
on the growth of solutions to the approximate initial value problem (j2.13p . In §5, 
first we use a priori estimates to prove global existence and uniqueness of solutions 
to the Galerkin approximation (|2.13p . then show the same to be true for (B.l)- 
(B.4) with initial condition (|2.6p . Finally, we also show that 116*11^, for the solution 
to (B.1)-(B.4) with initial condition (|2.6p decays exponentially in time. 

2. Equivalent evolution equations 

In this section, we derive an equivalent system of the evolution equations, which 
will be analyzed later in this paper. Much of the difficulty in this problem is 
to control the energy appropriately. We find that an equivalent system provides 
exponentially decaying energy estimates, unlike the original system which contains 
neutrally stable modes corresponding to bubble translation degeneracy. 

Definition 2.1. We introduce functions 

wo(a)= r e'^^'da', u{a) = e^"'+»e(i)e-'+.e(-i)e— 







Remark. It is readily checked that 

(2.1) Re ("^PV r . . da') = n{f). 

From expression (|1.6p and (|1.7p . it is also easily checked that if f{a) = Y^^=~oo fi^)^ 
then we have 

(2.2) g[LUoh = */(0), 
which from (jl.7p implies 

(2.3) T[LUo]f^fiO). 

□ 

We will show that evolution system (A.1)-(A.2) is equivalent to the following 
evolution system for {9{a, t), L{t),9{0; t)) with 9{a, t) — X^fc^^to ±i ^i^'^ t)e^''°', where 



ika 
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(a, t) = e{0; t) + e{-l; t)e-'" + 9{1; t)e'°' + e{a, t) 
de{a,t) 2n 



(B.l) 



dL{t) '•2'^ 
dt 



Jo 



(B.2) ^-l/ ni + 0.)da, 



with j{a,t), T{a,t), 9{l;t) and 6{-l;t) determinetfl by 
(B.3) 



7(a, t) ^ --Af,W ■ t + —aOaa, 



27r 



T{a,t)^ I {l + 9c'ia'))U{a')da' ~ — I {l + 9a{a))U{a)dc 



(B.4) y exp(ia + i(^(-l;t)e~'" + ^(l;t)e^"+6i(a,t)))da = 0, 
where U and W • t are given by 



(2.4) = Re(^Pv/ -j^f^M 

1 



7 + 2ia;Q/C[cj]7 , 



(2.5) w.t = Re(^PV/ da')^^T[.]j. 



Remark. The formulae for U in (|2.4p and W • t in (|2.5p are equivalent to those in 
(frsjl and pro]) since 9{Q\t) and i cancel out. □ 
The appropriate initial condition is 

(2.6) ~9{a, 0) = Qi(?o, ^(0) = 2^, ^(0; 0) = ^o(O). 
Note that the first equation in (B.3) can be rewritten as 

(2.7) {l + A^T[Lo])^^'^a9^^. 

Note 2.2. Later we shall see that if 9 G H^{T\Q^ 27r]) and \\9\\i is sufficiently small, 
then I + A^J-'[a;] is invertible from {u £ i?*'(T[0, 27r]) |{i(0) — 0} to itself for any 
e [—1,1]. More general results are available [T], [5] for non self- intersecting 
interface; however, since we need the sharper estimates for near circular interface in 
any case, we construct a direct proof rather than rely on the more general theorems. 

Definition 2.3. Let r > 3. We define an open hall B: 

B=\uC,H''\\\u\\r<eY 



^Since 6{a, t) is real valued, note t) = 6»(-l, t). 
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We also define open balls: 

O = \{u,v,w) eH" M^l^u e B, \v-2t:\ + \w\ < l| , 

V = w) e iJ*^ X R\u eB,\v- 2tt\ < l| , 

U ^ {{u,v) e i?''(T[0,27r]) X R\Qiu e B, \\u\\r + \v - 2n\ < 1} . 

Remark. We choose e > is small enough for Lemma 12.141 to apply. □ 
For (B.4), we also have the following result: 

Proposition 2.4. There exists ei > so that (B.4) implicitly defines a unique 
junction 5 : {u G < ei} satisfying ( Re ^(1), Im 0(1)) = g{9) 

and g{0) = 0. Further, g satisfies the following estimates for all u,Ui,U2 G {u G 
H^\M\i<ei}: 

(2.8) \g{u)\ < 

(2.9) |5(ui)-5(u2)| < i||ui-M2||i. 

Remark. Having determined 7, 0{1) and 9{—l), (|2.4|) and the second equation in 
(B.3) determine U and T needed in (B.l) and (B.2). □ 

Lemma 2.5. If {9,L) e C(\0, S];U) with 9 real-valued is the solution of the evo- 
lution equations (A.l), where 7, T and U are determined by (A. 2) and with 
initial condition hl.^) . then (9 — Qi0, L,0(O)) will satisfy the equations (B.l) and 

(B.2) where 7, T, 0(±1) and U are determined by (B.3), (B.4-) and {2. 4^ with 
initial condition H2. 61) for t e [0, S] . 

Conversely, if {9,L,(){(f)) G C([0,S'];C') is the solution of the system (B.l) and 
(B.2) where 7, T, 0(±1) and U are determined by (B.3), (B.4-) and (2.4) with 
initial condition \2.0) . then 9 = 9 + 9{Q) + 0(l)e'" + 6'(— l)e~*" is a real-valued 
function and {9,L) satisfies the system (A.l) for t £ with initial condition 

lll.3\) . where 7, T and U are determined by (A. 2) and (1.2). 

Proof. Let {9,L) E C{\Q, S];U) be the solution of the evolution equations (A.l) 
where 7, T and U are determined by (A. 2) and (|1.2p with initial condition (|1.3p . 
Then we define p{t) = f^^ e'^"'^'^^^°''*'^da. From the consistency condition (II. 4|) . 
p(0) = 0. We consider 

p'{t) = i / e'"+'^("'*)0tda. 



JO 

Substituting for 9t from (A.l), and using the identity (e*"+^^)„ = i(l + 0a)e'"+*^, 
we have 

Pit) - ^ r [*C/ae'^"+'' +r(e^"+*«)„]da. 
^ Jo 

We integrate the last term by parts; we use (A. 2) to substitute for Tq,. There is no 
boundary term from integrating by parts since T and e'""*"** are periodic. We have 

p'{t) = ^ r"(iC/„e'"+'^-(l + 0a)f/e'"+**--^Lte*"+''^)da. 
L In 27r 
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Since ?J7ae'"+'^ - (1 + 6l„)C/e*"+*^ = (iC/e'"+*'')a, we have 

Lt 

p = --p. 

Note that {9, L) G U impHes that L > 2tt — 1 > 0. Furthermore, Lt is continuous 
in [0,5"] from (A.l). So p{t) = is the unique solution to the above ordinary 
differential equation with p{Q) = for t G [0, 5*]. Hence 

e**^(°) f exp(ia + i{e{-l;t)e~'°' +§{l;t)e'°' +0{a,t))ya = O, 



implying 







exp (^ia + i{9{-l; t)e~*" + ^(1; t)e'°' + e{a, t))^da = for t e [0, S] 



Thus {9 = Qi9,L,9(0)) satisfies the equations (B.l) and (B.2) where 7, T, ^(±1) 
and U are determined by (B.3), (B.4) and (|2.4p with initial condition (|2.6p for 
t€ [O,^]. 

Conversely, suppose that (9,L,9{Q)) G C{[Q,S]]0) satisfies (B.l) and (B.2) with 
initial condition (|2.6p . where 7, T, ^(±1) and U are determined by (B.3), (B.4) and 
(EH). Let 61 = ^ + ^(0) + 9{l)e"^ + 9{-l)e-"^. We note from proposition [M] that 
^(±1) scale as ei and hence is small. We note from (B.4) that 

p(t) = e'^(°;*) y exp(^ia + i(e'(-l;i)e-*"+6'(l;t)e'"+6i(a;i))jda = 0. 

It is convenient to define r(a, t) ^Ua+ T{\ + 9a). From p'(t) = 0, using (B.l), we 
obtain 

(2.10) = ^'"e'"+'^((^,(-l;<)-^r(-l;i))e-'" + (^t(l;t)-^f(l;i))e'")d«. 

Let e*""*"'^ = X]fc^-oo c{k)e^'^°' . Hence for sufficiently small ball size e of B, using 
proposition 12.41 and Sobolev inequality |.|oo < ^11.111, 

\9^m\^ = |0(a,t)+0(l;i)e^" + ^(-l;i)U < C||^|li 
is small, which clearly ensures |c(l)| > \c{k)\ for 7^ 1. Note further that (|2.10p 
implies 

{9t{~\-t) - ^f(-l;i))c(l) + {9t{l-t) - ^f(l;t))c(-l) = 0. 

Since r(a, t) and 9 are real valued, ^t(— 1; t) — ^r(— 1; t) is the complex conjugate 
of 9t{l;t) — ^r{l;t). It is clear that if |ai| 7^ \a2\, then the only solution to 
o-iV + 02??* = is 77 = 0. Hence 

9ti-l:t) - ^f{-l;t) = and 9til;t) - = 0. 

Hence, {9 = 9 + 9{0) + 9{l)e"^ + 9{-l)e-"^,L) will satisfy the system (A.l) where 
7, T and U are determined by (A. 2) and (|1.2p with initial condition (|1.3p for 

ie[o,S']. □ 

We will henceforth discuss the global solutions of the evolution equations (B.l) 
where 7, T, ^(±1) and U are determined by (B.3), (B.4) and ([^^ with initial 
condition (|2.6p . 
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Definition 2.6. Define 9{1) — ri + ir2- Then since 9 is real valued, 9{—l) = 
ri — ir2. 

Remark. (B.4) becomes 

(2.11) / exp(ia+i{{ri+ir2)e"' + {ri-ir2)e-'"+ ^ e{k)e'''°')]da = 0. 

□ 

In order to prove Proposition l2.4[ we need the following lemma: 

Lemma 2.7. Implicit function Theorem ([22\): LetQi, Q2 andQ^ be Banach spaces 
and F a mapping from an open subset of Qi x Q2 into Q:^. Let (uq^vq) be a point 
in Qi X O2 satisfying: 

(i) F{uo,vo) = 0; 

(ii) F is continuously differentiable at (uq^vq); 

(iii) the partial Frechet derivative DyF{u(),vo) is invertible from Q2 to Q^. 
Then, there are neighborhood Vi of uq in Qi and neighborhood V2 of vq in Q2 and 
a map g : Vi ^ V2 so that F(^u, g{u)) = for all u £ Vi and for each u G Vi, 
g{u) is the unique point v in V2 satisfying F{u,v) = 0. 

Definition 2.8. In the bubble context, we define 

F{u,v) = J exp (j,a + i(2{r I cos a — r2 sin a) + u^^ da 
with V — (ri, r2). 

Remark. Note F : x R'^ ^ C. □ 
Proof of Proposition 12. 4t Let us show that the Frechet derivative of F{u, v) 
with respect to u exists in H 

1 X ]R2_ Since 

F{u + h,v) — F{u, v) — ih{a) exp (ia + i [2(ri cos a — r2 sin a) + u{a)^ ] da 

n=2 n=2 

the Frechet derivative of F with respect to u is 

DuF(u,v)h — J ih{a) exp (^ia + i(2(r I cos a — r2 sin a) + u{a)^^ da, 

for h E . It is clear that DuF{u,v) : ^ C is the bomided linear operator for 
all {u,v) e X M2. 
Similarly, 

DyF{u, v)5v — 2i J (Jri cos a—6r2 sin a) exp (j,a+i(2{ri cosa—r2 sin a)+u{a)'^^ da, 

with Sv ~ {5ri,dr2) G is a bounded linear operator for all {u,v) £ x K^, 
with 

DyF{0,0)5v = 2i / (^6r I cos a - Sr 2 sin a) e^" da = 2Tr{Sr 2 + iSri). 
Jo 
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Clearly DvF{Q,0) is invertible. So by the implicit function theorem (Lemma l2.7|) . 
for {uo,vo) = (0,0), there exist neighborhood Vi = {u E : \\u\\i < 2ei} of 
in , and a neighborhood V2 of (0,0) in R^, and a map g : Vi ^ V2, so 
that F{u,g{u)) = for all u G Vi. We also have 1113(7(^)11 < ^ for u e Vi since 
Dg{0) = 0. Hence we have 

|<?(")l < / Dg{tu)udt < -\\u\\i, 



\g{ui) - g{u2)\ < / Dg[ui+t{u2~ ui)){u2- ui)dt <-||mi-M2||i 
for all u, ui, it2 G {u G H"^ : ||u|| 1 < ei}. 

Corollary 2.9. There exists sufficiently small ei > so that for G H^^^ (Tr[0, 2tt\) 
with s > 0, < ei, then satisfying (B.^) implies \\9a\\s < 2||0tt||s. 

Proof. We note from the relation between 9 and 9 that 



The rest follows from bounds on g{9) in Proposition [2]4] 



□ 



2.1. Galerkin approximation. From the set of equations in (B.1)-(B.4), it is 
easily seen that 9{0;t) does not effect the evolution of 9 and L, it is convenient 
to first determine solution {9,L); determination of 9{0;t) is then simply reduced 
to an integration of the equation (B.2). It is convenient to introduce a Galerkin 
approximations as described in this section. 

Definition 2.10. We define a family of Galerkin projections {Pn}'^^=2j where 

n 00 

P„u(a) = u(fc)e*'=", for all u = Eu(fc)e*'=". 

A;— — n,A,'7^:0,±l — oo 

We define the approximate solution 9n{ct^t) of order n of the problem in the 
following way: 

n 

^„(a,i)= ^n(fc;Oe''". 
The approximate equations are 



(C.l) 



d9,,(a,t) 2tt 



dt 
dLnjt) 
dt 



2tt 



fl + 9n.a)Unda, 



with 7„, T„ and 0„(±1) (where ^*(1) = 0„(— 1) because 9n is real) determined by 



(C.2) 



27r 

pa 

T„(a,t) = / {l + en,a')Un{a')da' 



27r 



{\ + 9r,^^,)Un{a')da\ 



exp 



(ia4-i(^„(-l;t)e-*" + ^„(l;i)e*" +0„(a,t)))da = 0, 
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where 



6. 



n.a 



i0„(-l)e-'"+z0„(l)e 




Jo 



(2.12) Un = Re f^^^if^PY f 




2.2. Main results. Let X„ = L„). The Galerkin approximate equations 
(C.1)-(C.2) reduce to an ODE in the Banach space x R: 

(2.13) ^ - FniX-a), X„(0) = (P„0o, 27r), 

where F„(X„) = (F„4(X„), P..2(X„)) are given by 



(2.14) - — P„(f/n,a+T„(l+0„,„)), 




(2.15) F„,2 = - / (1 + (?„.a)f/n(a)da. 



For the approximate equation (|2.13p . we have the foUowing resuhs: 

Proposition 2.11. Assume PnOa G B for r > 3. For sufficiently small ball size 
e of B, there exists the unique solution Xn G {[0, Sn);V) to the ODE in Eq. 
i2.1S\) . where Sn depends on n, r and e. 

Remark. We wiU prove this proposition in §5 using Picard theorem (See for 
instance Chapter 3 in [10]). □ 



Proposition 2.12. Assume Xn ~ is a solution of the the initial value 



problem \2.13\} . Then there exists e > such that if ||P,i0o||r < e for r > 3, then 



with a constant C independent of n for any time t > where the solution exists. 



Theorem 2.13. Given the initial condition X„(0) G V, for any n > 2 and r > 

3. For sufficiently small e, there exists for all time a unique solution Xn(t) G 
C^([0, cxd); V) to the approximate equation \2.1S\l . 

Proof. Proposition 12 . Ill shows the existence and uniqueness of solutions Xn locally 
in time. Then by continuation of an autonomous ODE on a Banach space (see ^20] 
in Chapter 3), we know that the unique solution Xn G C^([0, To]); V) either exists 
globally in time or To < oo and Xn{t) leaves the open set V as t /* To. Suppose 
To < cxD. Combining Propositions 12.121 and l473l we know that solution remains in 
the open set V as t y Tq. Hence it shows that solution to Eq. (|2.13p exists globally 
in time. □ 

From the solutions to the approximate equation (|2.13p . we will deduce the ex- 
istence and uniqueness of solutions to the evolution system (B.l), (B.3) and (B.4) 
globally in time (Theorem ll.lip using the following lemma and proposition: 





Remark. We will prove the priori estimate in §4. 



□ 
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Lemma 2.14. For r > 4, there exists sufficiently small e > such that for any 
S > 0, solutions — of the approximate equation 112.1 3\) for different n 

As n — > oo, the limit X = (0, i) G 



form a Cauchy sequence in C (^[0,S]\H^ 

S]-H^ X and is the unique classical solution to (B.l), 



(B.3) and (B.^) satisfying initial condition ifl7 
Remark. The proof is given in §5. 

Definition 2.15. We define the area of bubble by S{t). Then 

1 



□ 



(2.16) 



Sit) 



■ Ini 



ZryZ*da. 



Proposition 2.16. Let {d,L) e C([0,oo);V) be a solution to the system (B.l), 
(B.3) and (B.4-) with initial condition \2. 6\) for r > 4. // QiOo G B, then the area 
S is invariant with time and for all t>Q, we have 

\\0{-Mr < \\QM-)\\re~^''', 



1. 



\0{-l;t)\ < -WQ^Ooi 



T at 



mm 

\mt) - < cwQiOoWr, 

where C depends on S and the diameter of B. 

Remark. We will prove Lemma 12.141 and Proposition 12.161 in §5. Further, the 
result above together with Proposition 12.41 shows that 6{a,t) — 6(0; t) goes to 
exponentially as t cx3. □ 
Proof of Theorem II. lit This immediately follows from Lemma [2 .141 and Propo- 
sition [2716] since Lemma [23] gives equivalence between (A.1)-(A.2) and (B.1)-(B.4). 

3. Preliminary Lemmas 

We will need to use a variety of routine estimates for integral operators and other 
functions in terms of 6 and ^(0). Recall tangent angle of the curve is a + 9 {a) = 
a + 9{a) + 9(0) + 9{-l)e-'" + 9{l)e'°', where ^(1) and ^(-1) are determined by 
9(9). 

The next lemma gives a bound for Ua in terms of 9. 

Lemma 3.1. Assume \\9\\i < ei where Ci is small enough for Corollary \2.9\ to 
apply. 

If u determined by 6 ^ , then for s > 1, 
(3.1) 



<Ci(|10l, + l)exp(C2|10l 





1 







<cl( 



l)exp(c2|| 



where constants Ci and C2, depend only on s, and particularly for s = \, C2 — Q- 
Further, if correspond respectively to 9^^\9^'^^ G H^, where \\d^^'\\i 

\\9^'^^\i < ei, then for s> 1, 



(3.2) 


1 1 a 


(3.3) 


1 1 

~(TT (21 
LUa IjJa 



,(2) 



< Ci\m -9^ 



. exp 



<Ci||^(i)-e~(2)|| 



exp 



C2{\\9'\ 
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while for s > 2, 

X exp 



(3.5) 



1 1 



C2{0'^\\s-l + \\O^'^\\s-l) , 
"C2(||0«|U-l + ||0(^)||.-l)" , 



X exp 

where the constants Ci and C2 depend only on s. 

Proof. For the formula uJa — e'"+**^*^(°\ it is easy to obtain 

\Mo<C. 

Let us consider for < < s. The chain rule gives 

D''lJo.= Cf3D'^'{a + e)---D'^^'{a + 0)oJa. 

/3i + ---+/3^ = fe,ft>l 

So by Sobolev embedding Theorem, |/|oo < C'H/Hi, we have 
(3.6) 

P'^^allo < + 0„|U-i(l + \\9^\\k-i + ■■■ + ll^allfe:}) < Ci exp {C2\\9Jk-i), 

where the constants, C'l and C2, depend only on s. 
For s = 1, we have 

||i?t^a||0=||l + ea|l0<C(l+||^||l). 

For s > 2, we note 

Hence, by noting Banach algebra property (see Note II. 2| ). Corollary 12. 91 and 
we get 



\D'ujJ\o < 



i{l + 9^)oJo. < + 1) exp (C2\\e\\. 

s—l \ 



where the constants, Ci and C2, depend only on s. Since ^ = e te{a)+ie(o)^ 
the preceding arguments are clearly applied to — as well and (|3.ip follows from 
Corollarv l2.9l for a modified constant C2. 
To prove (|3.2p . we note that 



^,(e(i)_e(i)(o)-e(=)+e(2)(o)) _ ^ 



From series representation of the exponential and application of Banach algebra 
property of ||.||s norm to each term in the series, we deduce 

g«(e<i)~0(i)(o)-e<^)+e<^>(o)) _ ^ 

S 

< Cill^W - ^(1^0) - e'"' + 0^(2) (0)1 1, exp (Csll^^'^ - - 0^^^ + ) , 

where the constants, C'l and C2, depend only on s. Using Banach algebra properties 
and CoroUarv 12.91 p.2p follows. Almost identical arguments are applied to prove 
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Further, if s > 2 we have 



where the constants, Ci and C2, depend only on s. So p.4p follows. Almost 
identical arguments are applied for (|3.5p . □ 

In simplifying our integral operators, we find divided differences to be very useful. 

Definition 3.2. We define divided differences qi and (72 o,s follows: 

uj{a) — Lu{a') 



qi[uj]{a,a') = 



q2[uj]ia,a') = 



a — a' 

U!{a) — w(q;') — ujaia){a — a') 
(a — a')^ 



= / ujaita + (1 - t)a')dt, 



{t - - t)a + ta')dt. 



Proposition 3.3. There exists ei > so that \\9\\i < ei implies 

(3.7) \qi[oj]{a,a')\ > i , for < |a - a'| < tt 

8 

Proof. We note that 

jT+ie(r)+ie(l)e'"+ie(-l)e-'" J 

J a' 



qi[uj]{a,a') = 



Further, 



f« iT+ie(T)+ie(l)e"+ie(-l)e-" p ir 



a — a 



a — a 
l)dr 



max 

re[0,27r] 



a — a 

|^(T)+^(l)e*" + ^(-l)e- 



This bound is a consequence of the inequality 



e^'^'l < V2|C-C'I, for all C, C' in 



We choose ei > small enough so that Proposition 12.41 holds and from Sobolev 
embedding theorem, 

2V2 max \9{T)+9{l)e''' + 9{-l)e-'^\<c\\9\\i<l, 

rS[0,27r] 8 

where c is some constant. 
It is easy to see that 



a — a 

Thus, if \\9\\i < ei, we have 



> -, for 0<\a-a'\< tt. 



fa iT+ie{T)+ie(l)e" +iB(-l)e-" 
J a' \, _ 



□ 
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Lemma 3.4. (See Ij or appendix for proof) Let uia G H''(T[0,2tt]) for k > 0. 
Then D^qi, D^,qi G H^[a, a + 2tt] in both variables a or a' and satisfy bounds 

\\D'^qi[uj]\\o < C\\ujjk , \\Dl,qi[Lu]\\o < C\\LU^\\k 

with C only depending on k (in particular independent of a). Further if ujaa G 
_ff''(T[0, 27r]) for k > 0, then D^q2,D^,q2 G H^[a,a + 2tt] in both variables a and 
a' and satisfy 

||£'ag2Hllo < C||Waa||fe , ||I?^g2Hllo < C||w„a|U 

with C only depending on k. 

Lemma 3.5. Let oj^^\ uj'-'^'^ e (T[0, 27r]) for integer k>0. Suppose 

|gi[w(i)](a,a')| > ^ for < \a - a'\ < i:. 

Then 



(3.8) 



a+TT 



D 



k<l2 



[cj(2)](a,a') 



qM^)]{a,a') 



rfa')' <Ci|l4'^IU+iexp(C2|lc.«|U), 



D 



k<l2 



da')' <Ci||4'^|U+iexp(C2||c.W|U), 



"giMi)](a',a) 
where Ci and C2 depend on k alone, but not on a. 

Proof. Clearly for fc = 0, p.Sp holds. Consider fc > 1. It is easy to have 

k 



91 11 



3=0 

We have from Lemma [3.41 for < j < fc, 
and 

||i^^„gi[^W](a,a')||o<Ci||c.W||,. 
Further, since qi is bounded below by |, it follows that for < j < k, Hence 

C2 ^ P^<7i|lo <Ciexp 



Pi-||o<Cexp 

qi 



m — 1 



J=0 



qi 



since |!^i?S92|lo < \j^\oo\\D%\\o and for 1 < j < fc, 

\\Dt-'q2 Di-\\o < \Dt-'q2U\Di-\\o < c\\q2\\k-,+i\\Di-\\o. 

Qi 11 I1 

The second part follows in a very similar manner since Lemma 13.41 can be applied 
by switching variables a' and a in the expression. We note that Lemma 13.41 gives 
the same i?°[a, a + 27r] estimates for derivatives of qi and 52 with respect to a or 
a', independent of a. □ 
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Definition 3.6. We write the cotangent as a function which is analytic at the 
origin plus a singular part: 

com = ^ + m- 

Lemma 3.7. (See [Ij or appendix for proof) Let s > 2 and u) E i/" (T[0, 27r]) 
with corresponding \\9\\i sufficiently small to ensure \qi[uj]{a,a')\ > i. Then K,[uj] : 
(T[0,2tt]^ _ff''^^(T[0, 27r]), and in particular, there are positive constants Ci 
and C2 depending on s such that 

(3.9) \\JC[u;]f\\s-2 < Ci||/||ocxp(C2|h„||s-i). 
Further, /CM : H^{T[0,2tt]) ^ H"-^ {T[0,2n]) , and 

(3.10) \\IC[Lu]f\\,^i < Ci||/||iexp(C2|h„||s-i). 

Lemma 3.8. If f E (T[0,27r]), and w^^) correspond to 9^^^ and d'-'^\ each 
in , respectively with < ci, then for sufficient small ei, 

||/C[l.(i)]/-/C[c.(2)]/||o < Ci||/||oexp(c2(||0~(i)||i + ||0~(2)||i) 
Suppose 0^,9^ E H'^ . Then for s > 1, 

ll/c[c.(i)]/-/cM2)]/|j^ 

< Ci exp + ||^~(^^ - ^~(^)|UII/lli, 

while for for s > 3, 

l|/c[c.W]/-/cM2)]/||, 

< Ci exp (C2{0'^\\s^i + 0'^\\s-i)) {{0'^\\s + 0'^\\sW^ - 9('^\\s-i 

+ P^'^~0('M\s)\\f\\i, 

where constants Ci and C2 depend on s only. 
Proof. We note that 

rf, ,(1)1 f-rf, ,(2)1 f - ± /(«0 / g2[u^W](^» _ g,[^(2)](a» \ 

/ f{a')\^j-, j^. ]l(-{a~a'))da'. 

We also have 

q2[u^'-ma',a) g2M'^](«',a) ^ gajc^^^^ - c^<'^](a', a) 
gi[w(i)](a',a) a) gi[u;(i)](a', a) 

giM2)](a',a)gi[o;(i)](a',a) ' 
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Therefore, using Sobolev inequality |.|oo < C'lj-Hi, we obtain 

1 



||/C[c.W]/-/cM2)]/||o<Ci||/||o 



H|<Zl[c.(l)-C.(2)]||,||g2[^(2)||gUC2||/||o 



1 1 



lk2k('^]||o + i 



The first statement fohows easily from Lemmas 13 . f [ 13.41 and 13 . 51 Further, using one 
integration by parts, the sth derivative of /C[a;]/ is 



Q + TT 



1 1 



— cot — (a — a') 



/("') 



a — TT 



7T- 9C0t-(a-a) 



Lu{a)~uj{a') 2 2 
^^(a) 1 



da' 
da' 



Stti " Va;Q.(Q!')/ " luj{a) — uj(a') a — a' 



da' 



(3.11) 
Hence, we have 

(3.12) i?^(/C[c.(i)]/(")-^M'^]/(«)) 



1 
27ri 



/(«') \^._ig2[c^(^^](a,a') 



. (^"'L«(aV^""^i[c^(i)](«'«') ^"'Vc.i2)(a')^^" 9iM2)](«,«') 

2^«ya-^ ^ ^2wi'^(a')^ ^2J^\a')^^ 2 

Let us see the first part on the right side of p.l2p . It can be split as 



(3.13) 



27ri 



a' (/(«')■ 



.J^\a')-J^\a')^^,_,q2[u;('^]{a,a')^, 



2711 ,L_^ ( 



J^\a')J^\a') ^ " gi[u;(i)](a,a') 
/(«') \^,_irg2k«"C.(2)](«,a') 



-da' 



1 r^"" ( 



f{a') ^ r(72[c^(2)](a, a') _ ^(i)](«, «') 



o;i'^(a') 



gi[cj(2)](a,a') gi[u;(i)](a, a') 



da'. 



By Proposition [23 Lemma [3TT1 Lemma [3751 and Note 11.21 the L°°-norm of the first 
part of (|3.13p is bounded by 



I 



(4^) -4^^) JkW||.exp(C,||c.W||._0 



< 



Ci + P^^^Ws + l) exp (c2(||0~W||,_i + ||0(2)||._i)) II^ID 



with Ci and C2 depending on s. For the second term in p.l3p . we use the Cauchy 
Schwartz inequality. Lemmas 13.11 13. 51 to obtain the bound as quoted in the Lemma. 
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For the third term, we apply similar argument. We note that for < ^ < s — 1, 



gi[c^(2)](a,a') 



_^(l)](c,,a') 



gi[c^(i)](a,a') 



< 



92 [c^(')] («,«') 



<7i[a;(2)](a,a') 



D: 



i-i-i 



91 



[tj(2) _^(1)](q,^q,') 



It is readily checked that 

■ 92 [c^(')] («,«') 



qi[ujW]{a,a') 
g2[c^(')](a',a) 



Since |.|oo < C*!!, ||i, it follows from Lemma [531 that for I < s — 1. 



g2k(2)](a,a') 



.gi[c^(2)](a,a') 
with Ci and C2 depending on s. When I — s — 1, 



<Ci||42)||.exp (C2||c.(2)| 



s-l 



92 [^(')] («,«') 



gi[w(2)](a,a') 



gi[a;(2) -,,(i)](a,a') 



< 



gi[w(i)](a,a') 
gi[w(2) _^(i)](^^^,) 



Once again using Sobolev inequality |.|oo < Cll-Hi and using Lemmas 13.11 13.51 we 
obtain the stated bounds. 

Since the function / is symmetric about a and a', it is easy to see that the stated 
bounds also hold for the second part on the right side of (13.12p . 

For s > 3, we use the more refined estimates in Lemma l3.11 to obtain the third 
statement. 

□ 

Lemma 3.9. (See [T] or appendix for proof) For tjj g H'^(T[0, 27r]) with s > 1, the 
operator [Hjip] is bounded from iJ*'(T[0, 27r]) to iJ*^"'^ (T[0, 27r]) . And we have 

m,m\s-i<c\\f\\oms, 

where C depends on s. 

Lemma 3.10. For s > ^ and ijj G i?'*(T[0, 27r]), the operator [H,^] is bounded 
from H^{T[0,2tt]) to {T[0,2tt]) , and 

m,m\s<c\\mms, 

where C depends on s. 
Proof. We know that 

= + \'^^^^^-^J^^^^f■ 

Since 



■HWm = H) sgn(fc)^(fc) = i-t) sgn(fc) ^ v3(j)/> - j), for k ^ 0, 
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and 



by Cauchy's inequality and the inequality ||g/i||o < l^looUffHo ^ C'||/i||i||.g||o, we have 



J2\kH2j2mf{k~j)+mm 



k>0 



j>k 



k<0 j<k j^O 

fc>0 i>fc fe<0 j<k 



-2||^||^|/(0)|2 + |^Vi(j)sgn(-j-)/(-j)| 



< E H E br|^(j)/> - j)l f + E H E briv-ov^ - j)| 

fc>0 j>k k<0 j<k 

+2Mi\fm' + \mi\\fro 

" -311^11^11/11^. 



oo oo 



< 8 E I E \\j\'m\\fik-j)\ 

k— — co j — — oc 



We define 



{|jri^(^)lU, = *and{/(j)},^, = /. 



By Proposition 3.1999 in [17], we know that ||/ * ^'||2 < ||/||i||*||2. Hence we 
obtain the result of the lemma. 

□ 

Lemma 3.11. If f E iJ^ (T[0, 27r]), and w^^) correspond to 6'-^'^ and ^f^) 

respectively, each in , H^'-^'-'Hi and ||6'^^''||i < ei, then 

\\g[Lo^^^f - e[c.(2)]/||o < Ciii/iioexp (c2{\\~e^^^\i + we'^^'^Wi) ||^~« - ^~(')||i. 

Ife^.e^ e for s>l, then 

\\g[u(^">]f-g[Lu(^^]f\U 

< Ciexp(c2(|!0W|U + ||0~(2)||^)^||^ii)_^~(2)|,^|,^|,^^ 
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while for s > 3, 

||e[c.W]/-^[c.(2)]/||^ 

< Cicxp (c2{\\e^''^\\s-i + \\e^^M\s-i] 



\\e^'^-o('%)\\fh, 



where the constants Ci and C2 depend on s only. 
Proof. From p.6p . it follows that 

1 



\\g[J'^]f-g[u;^^^]fh< 



(1) 



f 



H, —r 



/ 



+ 2 IKc^i - LuMiu'Ul + +2 \\iul {^Lu'] - JC[lu^]) fl . 

Using Lenima l3.1[l3.8[l3.10l and ||feq||n < |/i|oo||5||o < C||/i||i||g| jo, the first statement 
holds. 

Now, consider 



\\g[J'^f~g[J^^]fh< 



















< 




H, —r 


f 


+ 


-I 


n,— 2 


f 








s 







+ 2 ||(c.i - u;l)IC[u;\fl + 2 {IC[lu'] - IC[lu^]) f^ . 

Using Lemmas 13.11 13.81 13.101 using \\hg\\s < Cs||/i||s||(7||s for s > 1 and ||%||s < 
Cs(||/i||s-i||5||s + ||/i||s||(?||s-i) for s > 2 , we see that the last two statements hold. 

□ 

Proposition 3.12. Assume 6 G for s > 3. // \\0\\i < t\, then for sufficiently 
small ei, there exists unique solution 7 e {u e H'-^{T[0,2tt])\u{Q) = 0} satisfying 
{2. 7p . This solution 7 satisfies the estimates 



WiW 



7 - -^cr^aa 



< 



< 



< 



L 
Cia 



exp{C2\ms-2m\s, 

exp{C4e\\s-i)\\0\\s\m3, 



where Ci, C'2, C3 and C4 depend on s, but all are independent of L. And for s = 3, 

C2=0. 

// 7^-^^ and 7^^^ correspond to {9^^\L^^'>) and {9^^\L^^'>), each in V, then for 
3 < s < r, 



(1) 



2tt<t 



^(2) + 



27rcr 



0(2) 



< 



where C depends on the diameter of V and s. 

Proof From (gJl), since 7(0) = 0, T[luo]j = 0. Therefore, jlJl) implies 
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Therefore, if G , then Lemma [3.111 imphes 

- Tiuo^Mo < Cll^lihllo. 
where C depends on ei. So, for sufficiently small ei, if \\9\\i < ci, then 

exists and from the bounds above and Corollarv l2.9|, 



ll7llo< 



Cot, 



yaa\\0 < — 7~ll^l|2- 



L " """" - L 
Further, we obtain from the second part of Lemma 13.111 

II.FH7 - .^[c^ohlls-2 < Ci exp(C2||^|U-2)||0~|U-2||7l|i, 
where Ci and C2 depend on s. Therefore, for s > 3, it follows from (|2.7p that 

||7lls-2 < ^\\0\\s + C\eMC2\\0\\s^2)\ms-2\h\\i 

which Ci and C2 depend on s, which implies for sufficiently small ei that the second 
statement holds. 

For the third statement, we note that (|2.7p and the third part of Lemma [3.111 
implies that 

27rcr„ 



7 



L 



< ^cxp{C4e\u^,)\\0\\s\\0h, 



where C3 and C4 depend on s. 
From (12.71). we obtain 



Using 

11^(1)'^"" 1(2) 



+ ||.FMi)]7(i)-^k(2)]7''^IU-2 



s-2 



s-2 



< 



s-2 



and using Lemmas 13. Ill and the first part of the proposition, 
(3.14) 

< c\\~9('%^2\\i^'-^ - 7(^^111 + -^^fe'^'^ - ~e^'\s-2\\~e('% 

with C depending on s and the diameter of V. The fourth statement in the propo- 
sition follows since (0(1), L^i)), (fii^^)^ /,(2)) ^ y The fifth statement follows from 
(|2.7|) by the same set of arguments as above. 

□ 

Lemma 3.13. Assume 6 e H" for s > 3. // H^Hi < ti, for sufficiently small ei, 
the corresponding U and T in {2.4^ and (B.3), with 0(1) and 0(— 1) determined 
from 9 using (B.4-), satisfies the following estimates: 



U- 



L2 



-n[9a 



<^l|ell||^l2, 
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u- 



L2 



£2 



< ^exp(C3||0l.-2)||^l.-2||0l3, 



< ^exp(C3||0l.-i)||0l.||0l3, 



||f/|U-2< -^exp(C73||^?||s-2)||^^||s, 

||T||.-i<^exp(C3||0~|U)||0~|U, 



where Ci depends on ei, C2 and C3 depend on s. 

IfU^^^ andU^^^ (orT^^^T^"^^) correspond respectively to {o^^^L^^'^^ and (e'^^\ L^^^y 
each in V , then for r > 3, 



C/(i) 



2^2 



(L(l))2 ^ ""J (i(2))2 



< a 



where C4 depends on the diameter ofV and r. 

Proof. From (fTBl) and (|2?2l) . Lemma [3TT] it follows that 

TT 



0l2)||^, + |^(l)_^(2)|^ 



< yII^H7- ^N]7llo < ^ll^llihllo, 

L L 



with Ci depending on ei. Using Proposition 13.12"! we obtain 

2^2^^ 



U 



L2 



<^\\oh\\oh 



with Ci depending on ei. Again from (ll.6|l and ()2.2p . Lemma [3.111 and Proposition 
13.121 we obtain 



< ^||eH7-eN]7lls 



27r(T 



7- 



< ^ exp(C3||0l.-i)||0ls||7lli < ^ exp(C3||^l.-i)||0l.||0l3, 

where C2 and C3 depend on s. Similarly, we can get the second and fourth state- 
ments. This gives all the desired results for U in terms of 9. 

Again, from noting that the second equation from (B.3), and the above estimates 
on U, we obtain 

(3.15) ||T||o < C\\U{l + e^)\\, < ^exp(C3|10~|l3)ll0l3, 
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and 







s-2 




< 


u - ^^n\B^o\ 


+ \\ue^ 

s-2 


s-2 


< ^exp(C3||0||.) ^ 


\O\\s-2\\~0h^ 


-ll^l.ll^l.-l" 



where C2 and C3 depend on s. Hence the fourth statement holds. 
Also, we obtain from ((Til), (|^ . 



+ 



c 

L(2) 



,(2)K(1)| 



(7(1) 



v(2) 



r~2 



The stated results on differences between U''^\ t/*^^' follow from Lemma [3. Ill and 
Proposition [nHH on using the condition that each of (^^(i),L(i)^ , (^0(2) 2,(2)^ ^ y. 

We note the second equation from (B.3), so the stated results follow for T^^' — T(2) 
as well. □ 



4. Energy estimate 
We define energy we will use is the i/''(T[0, 27r]) norm of On] it is defined by 

c2tt 



En{t) = \ j {D^kfda. 



We first need to estimate the following terms in the evolution equations. 

Lemma 4.1. Assume Xn = ^^„,L„^ is a solution to the initial value problem 

i2.13\) with 6n G B for r > 3. // the size e of the ball B is small enough, then 
On{-,t) € B for all t for which solution exists. Further, the corresponding energy 
En, as defined above, satisfies the inequality 

dEn n^o- 
dt - L2^- 

Proof. For r > 3, taking the derivative of En(t) with respect to i, we have 
'^-En{t) = / {D-h){D-~en,t)dc^. 



dt 
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Using (C.l), (C.2) and (I2.12p . on integration by parts we find 
d 



dt 



:Er, 



Ii + h + h + h, where 

r2TT 



h = 

h = 

h = 

h = 



L 




27r 



D'-er.D'-' {P„U„) da, 



27T 



D-OnD^-'P^ienMda, 



D''0r,D''Pr,{Tr,9„,a.)da. 



On using 0„ = Pn^m we can rewrite 



2„ /.2Tr 



^1 D'^+^hD^+^n[h]da~ I D^+%,P,,D' 

Jo Jo 



da. 



Using Lemma 13.131 to bound the second term /i, it follows from Cauchy-Scwartz 
inequality that 

/i <-^||^~„||^+3/2 + ^exp(C2||^~„||.-i)||4||.||elr+i||^~„||3, 



where Ci and C2 depend on s. Consider 12- Applying Lemma 13.131 once again, we 
obtain 



2_-2 (•27r <.2ir 

h = I D''9nD''+'^n[9„]da + J D^'O^D'-^P^ 



JO 



Li 



da 



< 



LI 
2^2^ '■^^ 



ll^n|l.+ l/2 + -^exp(C2||f?„||,.-l)||0„||^||0„||. 



Ln JO 
r2-K 



D'-e„D'-^Pn{9n^^n[en,c.c.])da 



'0 



Un ■p^'H[6„ 

K 



da 



< -tVII^^II^+iII^"!!-!!^"!!--! + ^GMC2\\Bn\\r-i)\\en\\l\\enh, 



h = / D'0„Pn{y2Cr,jD^TnD^+'-^0n)da 

2ir r2Tr 



D'-eMT„D'-+'0n)da + Cr,i / D''enPn{Tn,o.D^en)da 
Jo 



< ^ (exp(C3||0;j3)||^~n||3ll4|l?+i +exp(C2|10;jl.-i)||0;j2|,0;j^_^j ^ 
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where Ci and C2 depend on s. Adding up Ii through I4, using (6'„,i„) G V and 
the fact that ||^n|lr+i/2 — ill^nllr+3/2 since the Fourier and ±1 modes for 0„ are 
zero, we obtain for r — 3, 

and for r > 3, 

(4-2) —En < --^J-2-pn\\l+3/2 + 1 1 ^« 1 1 r+1 1 1 II r-l 

< -^ll^~n||^3/2 ~ Cmr-,) < (l - ^i^E^y^') ^ 



where C = Ci exp(C2||6'||r-i) with Ci and C2 depending on r. It immediately 
follows that if 1 — C:^(2i?„)^/^ > initially, then En{t) decreases in time and 
En{t) < En{0) for all t. This implies that for small enough e, if 6'„ £ B initially, it 
remains there for any t for which the solution exists. More, generally, we have 

dEn 

dt - Ll""- 

□ 

Corollary 4.2. Assume ^0„,L„^ is a solution to the initial value problem i2.13\) 
with On G B with r > 3. Then for sufficiently small ball size e of B, we have 

dEn ||2 
dt - LI l'''"ll-+3/2' 

d\K\\r+l . ||2 

dt - LI 

Proof. The proof of the first statement comes from (|4.ip and (|4.2p . 
Replacing r by r + 1 in (14. 2p , we obtain 

o^ ^H^"llr+l ^ 37rV - 2 ,'^^||fl||2 llfl II 

(4.3j < -^^||f^n||r+5/2 + ^ll^n|lr+2ll^n|l'- 

<-^ll^n||^+5/2 (l-^ll^-ll'-)' 

where C — Ci exp ^C2||^n||r^ with Ci and C2 depending only on r. Hence for small 
enough e, if 9n G B, then by (|4.2p . we have 

d\\On\\^r+l ^ 



dt - Ll 



□ 
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Proposition 4.3. Let {9m Ln) he continuous solution to (C.l) and (C.2) with 
On(t) e B, with r > 3 and with initial conditions h2.13\) Then for sufficiently small 
ball size e of B, as long as solution exists, 



(4.4) 
(4.5) 
(4.6) 



at 
18 



En{t) < £;„(0)cxp 

|i^~n(-,t)|l?H.l <||^~n(-, 0)112+1 exp 



at 
18 



\Ll{t)- 87:^1 < C/E40)(l-cxp(-^(7i)), 
where C depends on the diameter of B, not on n. 

Proof. We note from the evolution equation for i„ may be rewritten as 
I dL^i 



Lt 



dt 



-Lt 



2ix 



da — L^ 



27r 



UnOn,ada. 



Using Lemma 13.131 on integration, it follows that 



(4.7) 



\Ll{t) - {2nf\ < C m;t')\\ldt' < C / E^{t')dt', 



where C depends on the diameter of B. Since En{t) < i?„(0), it follows that 

\Ll{t)\<87:^ + CEn{0)t, 



where C depends on the diameter of B. Using Lemma I4.1[ we obtain preliminary 
estimates: 



En{t) < En{0)exp 



(87r3 + CEniO)t) ' - 27r 



C^n(O) 

Going back to (|4.7p . it follows that for sufficiently small i?„(0), for any t, 



(4.8) 



\Ll{t) 



in^\ < 1 



which implies that Ln cannot escape the interval {2tt — 1,2tt + 1). Going back to 
Lemma |4. 11 this implies that 



-F 

dt " - (27r + 1)2 



<^ Eri 

18 



and therefore (|4.4p follows. (14. 5p follows from Corollary 
Furthermore, plugging estimates (|4.4p into (14. 7p . we have 



once we use 



|.3(,)_8.3,<1^ 



l-exp(-^ 



□ 



Proof of Proposition l2.12] This follows readily from Lemma llTTl and Proposition 
4.31 since Lemma 14.11 assures that as long as solution X„ to ()2.13p exists, corre- 
sponding On does not exit the ball B and therefore Proposition 14.31 can be applied 
to obtain estimates on En{t) and Ln{t). 
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5. Existence of Solutions 



In this section, we demonstrate existence of solutions to initial value problem 
(I2.13p . Wc then show that these solutions converge (as the truncation n tends 
to oo ) to a solution of (B.l), (B.3) and (B.4) with initial condition (|2.6[) . We 
demonstrate that this solution to (B.l), (B.3) and (B.4) with initial condition p.6p 
is unique and has the same regularity as the initial data. 



Definition 5.1. We define 



1X111 = Ikll 



for X = {u, v) e H''{T[0, 27r]) x R. 

Proof of Proposition r2.1H First we show that the operator F„ : V ^ _ff''(T[0, 27r]) x 
M is bounded, i.e. ||-F'n,i||r + \Fn,2\ < oo,VX„ G V. It follows from Lemma [3 131 that 



< 
< 



Un , a 1 1 r ^" 1 1 'Pn 



\\Tn\ 



C (||0~„||,.+3 + \\On\\r+l + \\On\\l+l) < Cn'''||4|| 



\FnM < ||1 + ||C^n||o < C'||6'„||2 (^1 + ||6'„| 

where C depends on n, r and the diameter of V. 
Consider X^n\x^n'^ e V. We have 

(5.1) ||F„,i(X«) -F„,i(X(^))||,, < ||(^ - ^)^n(C/i!l + 

277 II „ /,,n^ \ II 27r 



+ 



|p (f/(l) _ f/(2)^ 



(2) 



P„(T«(l + 0«)-T(2)(l + Ci)) 



It follows from Lemma 13.131 that 
2tt 27r 



(5.2) 



'(1) 



r(2) 



<Cn3[|LW-L(f)|<c|||xW-XW|||, 
where c depends on n, r and the diameter of V. Further, using Lemma 13.131 



\F, 



(2) 



n.2 



5^(2), 
n,2 I 



< 
< 



C (||C/(^) - C/(^'||o(l + mPh) + ||C/P||olie~« - 0^'^\ 
c(|ii-L2| + ||e^«-e~(^)||i)<c|||X«-X(^)|||, 



where c depends on n, r and the diameter of V. Therefore, from ODE theory, it 
follows that there exists local solution X„ e ([0, S'„]; V) over some time interval 
Sn that may depend on n, r and e. 

Lemma 5.2. There exists sufficiently small e > smc/i </iat solutions Xn = 
{On, Ln) G ([0, 5*]; V) of the initial value problem \2.13\) form a Cauchy sequence 



C 



([0, 



S]:H^ X 



for any S > 0. 



Proof. We define difference energy function E,nn as 



E„ 



EL 



{Ln 



where El^^ = \ (Z3(6i„ -6*^)) da. Notice that £;™„(0) = £;i„(0). Without loss 
of generality, we assume to > rt as otherwise we can switch the role of m and n in 
the ensuing argument. 
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Using the first equation in (C.l), 
(5.3) _^ ^ / D{h - 0,n)D'{-^PnU^ - -^P^Um)da 

at Jq i^ni 

+ / D{6^^6,r^)D[—Pn{T^{l + en,o.))-^P.^{T,^{l + era,o.)))da = h+h. 
Jo ^J-in ' 

Defining = On — Sjn, it is clear that 

h = -27r — - — / D^OnmPnDUnda + — / i?^™„(P„ - P„,)D^U„ 

\Lin J-im J Jq Jq 
/ De^,,PmD\Un - U„,) = + /i,2 + /l.3 

From estimates in Lemma 13.131 and restrictions due to {^m L,^ , {Om, e V, we 
obtain 

where c depends on the diameter of V. We note that since P„6'„ = 6n and PmOn ~ 
On, as m > n, we can write Ii^2 

h,2 = Y- / D9mnD^[Pn " Pm] Un - — ^7^[0n,aa] da. 



2^ '■2'^ 



Therefore, using Lemma l3.13i 



Li 



< ^i;i/2 
3 - n 



where C depends on the diameter of V. Using Pm&n = Om Pm^m = S 



/ P>()nmP>^'H[9nm.aa\ J { T2 ~ TT^ f D^^iimP>'H[Om,aa\da. 

Jo ^rn ^mj Jo 



LrnL'^i Jo 

Integrating by parts the second term in /i^3 above and using Lemma 13.131 again, 
we obtain 

1-^1,31 < — J p7l|6'nm||5/2 + CeEmn + C eEl/^\\6nm\\2, 

where C depends on the diameter of V. Now using Lemma |3.13[ we obtain 
d(L — L \^ P^'" 

^" = 2(L„.-L„)/ [{Un-U„,,)il+9„^o.) + Um{On^a-0m,a)]da 



dt 

II ^n m 1 1 1 
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C depends on the diameter of V. So for I2, we use the same method as we did for 
Ii and combine all the terms. So we obtain 

~ ^ 2{2n + 1)3 ll^""ll5/2 + 2'^ll^"™ll2 + +cie£;„„, 

where c and ci depends on the diameter of V. Since ||0mn||5/2 ^ ||6'nm||2, it follows 
that for e sufficiently small 

So, 

at n 



This can be restated as 



,pl/2 

< „Fl/2 I ^ 

at rt 



We solve the differential inequality to see that 
Since 



we have 

EU^{t)<^{\\eo\\r + l)e^'. 



Thus, solutions do form a Cauchy sequence in C ^[0, S]; x . □ 

Remark. We now know that the solutions of the initial value problem (I2.f 3p . 
{6n,Ln), approach a limit as n — > oo in C (^[0,S];H^ x Rj. Call this hmit X — 

{e,L). □ 

Note 5.3. By Provosition \2.VA we know that ||6'„(-, < HQi^ollr for all t>0. 
Since H'' is a Hilbert space, its unit ball is weakly compact. Thus, On 9 in H''. 
Furthermore, by Fatou's Lemma, we also have 

\\e\\r < liminf ||^„||, < WQiOoWr- 

n — >oc 

Lemma 5.4. For r > 3, there exists sufficiently small ball size e of B such that as 
n oo, the limit of the initial value problem h2.13\) X ^ {6, L) Cz C ((0, S]; V) for 
any S > 0. 



Proof. Note that estimates in Corollary 14.21 and Proposition 14.31 Since L„ G 
{2tt — 1, 27r + 1), we have 

^ < -^l|e„ll'+3/2- 

It implies 

1^ ... a ,,2 „ , 1^ , 1 



2^^nW+9 / \\0n\\U3/2dt < ^EniO) < -WQlOoWr- 
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Hence 9n is a bounded sequence in (^[0, oo), H^^^^^^^ . So, there exists a sub- 
sequence that converges weakly, and it is easily argued that the limit can only 
be 9. This means that for any interval (0, S") there exists 5*0 in that interval so 
that |16'(., S'o)||r+3/2 < oo- Now consider the solution to (B.l), (B.3) and (B.4) 
with So as initial time. In particular, 9{.,So) G H^^^ n B. Taking 9{.,So) as 
initial data in n B, repeating the proof of Proposition 12.111 with r + 1 in- 

stead of r, and by Corollary 14.21 and Proposition 14.31 we have global solutions 
9^° G (^[So,oo), H^~^^ n B^ for sufficiently small e. Again, by uniqueness of so- 
lutions to the approximate equation (|2.13p (Proposition 12. 1 Ijl . these solutions are 
identical to 0„ in their intervals of existence. Also, by Proposition 4.3, we have 
(5.4) 

\\9ni-,t)\\r+i < ||0„(-,5o)llr+ie-^(*-^°) < 1 1 , 5o) 1 1 .+16- , foralH>5o. 
From interpolation theorem in Sobolev space, we have 

(5.5) 11^™ - 9n\\s < C\\9m - 9jl'^\\9m - 9J^^. 

By Lemma 15.21 and (|5.4p , we know that the right side of (|5.5p goes to zero uni- 
formly on [>5'o,S'], as n,m — > oo for any 1 < s < r + 1. This implies X G 

C [[So, S]; X K ) . Since the choice of S' is arbitrarily small, it follows that 



G c((0,S'],ij 



Proposition 5.5. (continuity at t ^ Q in H^) For r > 3, we have 
(5.6) lim \\9i-,t)- Qi9o\\r^O- 



Proof. Replacing r -t- 1 by r in ()5.5|) . using the uniform bound of 0„ in if and 
9n G ([0,oo):H'-y we find that 9n ^ 9 in C ([0,S];H''^ as n ^ oo for any 
S > 0, where 1 < s < r. 

Let 77 > and (j) G i?-'"(T[0, 27r]). For any s satisfying 1 < s < r, choose 
(f G 7?-^(T[0,27r]) so that 

(5.7) ||<^-^||-. <|. 

We know that such a (p can be found since H^''(T[0, 27r]) is dense in H~^(T[0, 27r]). 
We have 

(5.8) (0, 9n) - (<^, 9) ^{<P-ip, ~9n) + {v-c^, 9) + (^, 9„ - 9) , 

where (•, •) denotes the pairing with dual spaces. The first two terms can be bounded 
by ^ using (|5.7p and uniform bounds on 9 and 0„ in . For the third term, 
we choose n large enough so that \\9 — 9n\\s < vl'^- Thus, (|5.8p is bounded by 
•q. Since 77 is arbitrary and these bounds are uniform in time, we conclude that 

9 G Cw {[^, S];H^^ . To prove the lemma, it is enough to show hmt^o+ l|6'(-, i)||r — 

\\Ql9o\\r^O. 

By NotelOl we know ||6'(-,t)||r < HQi^'oHr- This means limsupt^o+ P{-^'t)\\r < 
||Si6'o|lr. From the fact that 9 G Cw {[0 , S]; H"") , we have liminft^o+ \\d{-,t)\\r > 
\\Qi9o\\r- Hence, ()5.6p holds. This gives us strong right continuity at t — 0. □ 

By Lemma 15.41 and Proposition 15. 5|, we have 
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Corollary 5.6. For r > 3, there exists sufficient small ball size e of B such that 
X eC{[0,S];V) for any S > 0. 

Proposition 5.7. For r > A, X is a classical solution to the initial value problem 
(B.l), (B.3) and (B.4-) with initial condition \2. 6]) for any S > 0, where 6 G 
C([0,S'];C3(T[0,27r])) nCi([0,S'];C(T[0,27r])) and L e C^[0, S]. 



Proof. For f > 4, by Sobolev embedding theorem and Corollary 15.61 we know 
X eC ([0, S];C^ (T[0, 27r]) x R) and ^„ ^ ^ as n ^ oo in C ([0, S];C^ (T[0, 27r])) n 



C 



for 1 < s < r. 



Since g is in the open ball H^, g{0n) g{0) as n oo. So 9{l;t) ~ g{9) 
and 9 satisfy (B.4). By Proposition 13.121 and p.l4p . we see that both {jn}^=2 
{.7^[u;„]7„}^2 Cauchy sequences in C ([0, S]; (T[0, 27r])). Hence, it allows us 
to pass to the limit as n — > oo in the equation 



and obtain 



By Proposition EH again , we have 7 G C {[0,S]]H''-'^ (T[0,27r])). We also have 



~9Ja,t) = P,Ma) + / F„,i(X„(t'))rfi' 



(5.9) 



From Lemma r3.131 it follows that {-Fli,i}^2 ^ Cauchy sequence in C ^[0, S];H^ 
Replacing r + 1 by r — 3 and 0„ by F„^i in (|5.5p with the uniform bound of Fns in 
H^~^, we see {-Fn,i}^2 ^ Cauchy sequence in C ^[0, S*]; it"^ for < s < r — 3. 
Hence, we take the limit in ()5.9p . yielding 



F\X{t'))dt\ 



where F^ is the right-hand side of the first equation in (B.l). This is differentiable in 
time, giving 9t = F^{X) e C ([0, 5]; C (T[0, 27r])). Similarly L satisfies the second 
equation of (B.l) and Lt G C[Q,S]. Thus, X is a classical solution to (B.l), (B.3) 
and (B.4) with initial condition (|2.6[) . □ 



Lemma 5.8. For r > 3, there exists sufficiently small ball size e of B such that 
if X^^"^ G V and X^^"^ G V are solutions to the initial value problem (B.l), (B.3) 
and (B.4) with initial condition \2. 6\) for the interval of time [0, S] with any S* > 0, 
and the corresponding initial data X(^^(a,0) G V and X^^'(a,0) G V, then for 
0<t<S, 



9^^\;t)~¥'\;t) 



< 



L<-'\t) - L<-^Ht) 

d^^\-,0)-9^^\;0) 



i(i)(0)_L(2)(0) )exp{Bi} 
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Proof. This proof is very similar to the proof of Lemma 15.21 and we re-use some 
notation. Define Ed, the energy function for the difference of two solutions, by 
+ -L(2))2. Here, 

We now wish to estimate how this energy changes over time. 



dt 



Jo 

+ ]|'^i^«(^~^^^-^^<^^)^oQi(-^(T«(f + eW))--^(T(2)(l + C)))) 



da. 



Using the same estimates as that in Lemma 15.21 we have 
with c depends on the diameter of V. We also have 



dt 

with c depends on the diameter of V. As what we did in Lemma 15.21 for sufRciently 
small e, there exists a positive constant B such that 

^ < 
dt - 

We solve the differential inequality to see that 

Edit) < Ed{0)e^'. 

This proves the theorem. □ 
Hence, uniqueness follows from Lemma [ 



Lemma 5.9. For r > 3, there exists sufficiently small ball size e of B such that 
solution X = (^6,L) E V to (B.l) , (B.3) and (B.4) with initial condition V2. 6]) is 
unique in x K. 

Proof of Lemma l2.14t This follows from Lemmas l5.2[ 15. 4[ 15. 9i CoroUarv 15.61 and 
Proposition 15.71 

Proof of Proposition I2.16t Since the two flows are both irrotational and in- 
compressible, there exist velocity potential 0j for two fluids, i — 1,2. Taking the 
derivative with respect to t on both sides of (|2.16p . we have 

dS{t) 1 '•2" 



dt 

47r 



1 f 

^ Jo 



= -T^Re / {ie''^+'°'+''^<-°'h; + zti-ie-'^-'"'-'''^°'^))da 



- (.„y,)-nda = -- / Uda = -- "-^da. 



1)2 
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By Green's second identity, we have 

dSjt) 
dt 



= 0. 



Hence the area of the bubble is invariant with time. 

Since [9^, i„) converges to {9, L) in C ((0, S];H'' x for any 5* > 0, by Propo- 
sition [5?T21 and ||/',i0o||r < IIQi^ollr, we have 



(5.10) 



\m-,t)\\r= lim \\e„{-,t)\\r<\\Qi9Q\\re-^^^K 



By dm) and ((57TO| . the statement for 9{±1) hold. 
Since the area is invariant with time, we have 



(5.11) — J Im / uJaUJ*da — S—lm / Qi-jpfia. 
oTT^ Jo 2n Jq 

(|5.1ip gives us 

p27r p27r pin 

{L^ - 4:TtS) Im / 



It implies that 

L~2V^=-- 



7r5)V Jo Jo ■ " ^ 



2tt{L + 2V7r5) 

Hence, using 27r — 1 < L < 27r + 1, we induce the following estimate: 

\L-2V^\< 



with C depending on S and the diameter of B. From (|5.10p . the result for L follows. 
From (B.2), using (|3.15p and 27r - 1 < L < 27r + 1, we have 

(5.12) p(0;t)-^o(0)| \\Ti-,t')\\o[l + \\9i-,t')\\,'^dt<C \\9i-,t')hdt. 

Hence, plugging estimates (|5.10p into (|5.12p . the result for 6'(0) holds. 



6. APPENDIX 



Proof of Lemma [SH ( [T] ) : 



Proof. We note that 

Dfcgi[t^]= f t''D''u}a{ta+{l-t)a')dt , D'^,qi[u}]= [ [l-tfD^LUa[ta+[l-t)a')dt. 
Jo Jo 
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Then, using 27r periodicity oi D^oja, we obtain 



a+2TV 



rD^ujaita + (1 - t)a')dt 



da' 



( / \D''uJa{ta + (1 - t)a'){l - t)i/4|2di) ( f - t)~^/^dt^da' 



< 

/o ' '^Jq 

\D''uu^{ta + (1 - t)a'){\ ~ tf'^^'da'dt 

n{a+2iT){l-t)+ta 
\D^uja{u)\^{l-t)-^l'^dudt 
__(l-t) + tQ 
nl p2lT 

< C {l-t)-^^^dt \D^iu^{u)\''du<C\\D^LuJl. 
Jo Jo 



So D'^qi £ H^[a,a + 27r] in variable a' and |jD^gi[w]||o < C||wa|jfc with C only 
dependent on k. Again 



(1 - tyD^uo^ita + (1 - t)a')dt 



da' 



< £ ^ (^j^\D^uJo.{ta + {l-t)a'){l-tY'^\''dt)(^j^{l-tf^-^'^dt)da' 

na+27r 
\D^uJc.{ta + (1 - t)a'){\ ~ t)^/^\^da'dt 

n(a+27r)(l-t)+tQ 
\D''uJa{u)f{l - t)-^'^dudt < C\\D''lUc,\\1. 
-(l-t)+ta 



[a, a + 27r] in variable a' and ||-D^,qi [w] ||o < C||(jJq,||a; with C only 
dependent on k. 

We note that for fc > 



D^gaM = - / - t)D''u^o.{ta + (1 - i)a')c;i, 
Jo 



(1 - tf+^D''uo,a{ta + (1 - 



Similar arguments as above leads to the stated bounds for g2- 

From symmetry of gi, q2 in a and a', clearly the same results hold with respect 
to a instead of a' integration. □ 



Proof of Lemma EH ( [T] ) : 



GLOBAL SOLUTIONS TO THE BUBBLE 
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Proof. We begin by taking r — 2 derivatives of IC[uj]f. 





p 1 


.a;(a) 


- z{a') 






1 


.07(0) 








1 


-U}{a) 


- w(a') 


2m J 2uj^{a') " ^ 


1 , 









da' 
da' 



1 



da' 



Since the function /(/3) is analytical for — -I < /3 < -I, it is easy to have 



C 

-P2II0 < yII'^IIo' ■^here C depends on r. 

1j 



Let us see Pi. 

Pi 



WQ(a') 



1 

'^T^i Ja-TT ^a{(x') " luj{a) — U!{a') a — a' 



da' 



A-TT ^^a(a') " Vgfi[Lj](a',a)/ 



da'. 



27r« Ja-Tr ^^a(a') " V [tj] (a' , a) - 

p.7p implies that |(7i[w](a, a')| > -j. So by Lemma 13.51 we have 

C C 
\\Pi\\o < -^||/||oexp(-^||w„||r_i). 

Hence first result follows. Taking a-derivative r — 1 times JC[uj]f and integrating 
by parts once, 



r-2 



1 



Vti;„ a' / 



1 1/ /N 

. > , , , cot — (a — a ) 

uJa{a')JlLu{a)~Lu{a') 2 2^ ' 



1 

27ri 



" L„fa')^ " 



a — TT 

Q + TT 



-t^a(a') 



cjQ(a) 



1 1/ ,^ 

, , ,^ ~ 7: cot -(a — a ) 

Lu{a)-Lu{a') 2 2^ ' 



da' 
da' 



q2M(a,a'^ 



27ri 
1 



gi[w](a,a') 



da' 



Using Lemma 13.51 the the second inequality follows from Cauchy- Schwartz inequal- 
ity after noting that \\D (£) ||o < C||/||i||u;„||i □ 

Proof of Lemma [330]([1J): 
Proof. We begin by writing [H, tp] as an integral operator: 

[H,^]/(a) = — J /(a')(^(a')-V(a))cot(-(a-a')jda'. 

We can write the kernel as 
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The first part of this product is a divided difference, and the second part is an ana- 
lytic function on the domain [—§,§]• The lemma now follows from the Generalized 
Young's Inequality. □ 
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